Abstract: Surface reconstruction for freehand 3D ultrasound is used to provide 3D visualization of a VOI (volume of interest) during image-guided tumor ablation surgery. This is a challenge because the recorded 2D B-scans are not only sparse but also non-parallel. To solve this issue, we established a framework to reconstruct the surface of freehand 3D ultrasound imaging in 2011. The key technique for surface reconstruction in that framework is based on variational interpolation presented by Greg Turk for shape transformation and is named Variational Surface Reconstruction (VSR). The main goal of this paper is to evaluate the quality of surface reconstructions, especially when the input data are extremely sparse point clouds from freehand 3D ultrasound imaging, using four methods: Ball Pivoting, Power Crust, Poisson, and VSR. Four experiments are conducted, and quantitative metrics, such as the Hausdorff distance, are introduced for quantitative assessment. The experiment results show that the performance of the proposed VSR method is the best of the four methods at reconstructing surface from sparse data. The VSR method can produce a close approximation to the original surface from as few as two contours, whereas the other three methods fail to do so. The experiment results also illustrate that the reproducibility of the VSR method is the best of the four methods.
Introduction
In recent years, image-guided percutaneous tumor ablation has become more and more widespread in clinical applications because of its minimally invasive characteristics [1] [2] [3] . Three imaging modalities are commonly used for guidance of intra-operative tumor ablation: computed tomography (CT), magnetic resonance imaging (MRI), and ultrasound imaging (US). CT and MRI provide large or adequate fields of view, and good contrast and resolution, but they are limited by costs, the need to adapt equipment for a magnetic field, availability, and radiation doses in clinical applications. US can provide the unique advantages of low cost, real-time monitoring, and a lack of ionizing radiation, but lacks a large field of view and adequate resolution at increasing lesion In order to obtain a 3D volume or surface model of the VOI (e.g., the lesion to be ablated), the 2D B-scans of the VOI should be acquired first, and a 3D reconstruction method should be applied to these B-scans. In order to obtain a 3D volume or surface model of the VOI (e.g., the lesion to be ablated), the 2D B-scans of the VOI should be acquired first, and a 3D reconstruction method should be applied to these B-scans. Freehand 3D ultrasound has a noteworthy characteristic: the recorded B-scans of freehand 3D ultrasound are non-parallel and may intersect mutually, because the movement of the ultrasound probe is free and unrestricted in space. These non-parallel B-scans are different from the parallel slices of CT or MRI imaging. When the B-scans are segmented into contours, the contours are also non-parallel, which increases the difficulty of 3D reconstruction for freehand 3D ultrasound.
Presently, the 3D reconstruction methods for freehand 3D ultrasound can be divided into two categories: volume reconstruction and surface reconstruction.
Volume Reconstruction for Freehand 3D Ultrasound Imaging
Volume reconstruction methods interpolate the input data to a regular 3D array (voxel array) to obtain the 3D volume model of the VOI. Please refer to [13, 14] for a review of freehand 3D US volume reconstruction algorithms. The different volume reconstruction algorithms have been classified into three groups in [13] : Voxel-Based Methods (VBM), Pixel-Based Methods (PBM), and Function-Based Methods (FBM). More papers about volume reconstruction methods can be found in references [15] [16] [17] [18] .
Because the volume reconstruction is performed without segmentation of the 2D US images in a prerequisite step, it is not able to display the VOI distinct from the rest of the reconstructed volume. This can only be achieved by surface reconstruction of the VOI. In order to achieve this goal, a 3D segmentation step followed by a triangulation algorithm (e.g., the Marching Cubes algorithm proposed by Lorensen and Cline [19, 20] ) should be performed. Because the 3D volume model is in a regular 3D voxel array, it is somewhat similar to the voxel lattice in CT or MRI imaging. If the reconstructed 3D volume is dense enough (i.e., no holes or gaps in between), many segmentation methods could be used to segment the VOI from the rest of the volume in the same way as they are used in CT or MRI imaging, such as level sets [21] , 3D live-wire [22] , image-adaptive radial basis functions [23] , Random Walker [24] , and Graph Cuts [25] . However, due to the wave interference phenomenon inherent in any coherent imaging process, US will suffer from speckle noise that makes the segmentation of US difficult, whether it is carried out by humans or using automatic segmentation methods. Moreover, if the input data are sparse, all the volume reconstruction methods cannot reconstruct a volume efficiently without introducing geometrical artifacts or distorting the images, which may lead to incorrect segmentation of the VOI by automatic segmentation methods. In clinical applications, manual segmentation is still the only universally reliable method for ultrasound data [9] .
Surface Reconstruction for Freehand 3D Ultrasound Imaging
To avoid a voxel-based intermediate step, i.e., volume reconstruction, we can reconstruct the 3D surface of the VOI directly from contours (cross-sections) segmented from the original 2D B-scans in a prerequisite step. Because the contours are non-parallel, a method that does not assume parallel contours is required. Such reconstruction methods are scarce.
Moreover, because manual segmentation is still the only universally reliable method for ultrasound data in clinical applications [9] , it is one of the most time-consuming processes during a tumor ablation surgery. It would be preferable to reconstruct surfaces from only a few ultrasound contours, which would be valuable in a clinical setting as it reduces manual work and reduces time spent on manual segmentation. Therefore, only a small number of B-scans are recorded and manually segmented to guarantee short segmentation time in clinical applications. However, a small number of contours provide only sparse input data to surface reconstruction. Thus, a surface reconstruction method that can handle both non-parallel and sparse contours is necessary. These two requirements (i.e., non-parallel and sparse) make the surface reconstruction of freehand 3D US a challenging task.
Candidate surface reconstruction methods for freehand 3D US usually fall into two groups: contour-based methods, and point-based methods. Contour-Based methods try to construct a triangle mesh directly from the segmented ultrasound contours and are usually ineffective when applied on non-parallel contours. Point-based methods first convert all contours into a point cloud and then construct triangle meshes from this point cloud. Hence, point-based methods can address non-parallel contours, but they are still ineffective when applied on sparse input data.
Cook et al. [26] proposed an algorithm for volume estimation based on polyhedral approximation, and several researchers [27] made use of this method for surface reconstruction. Two contours were sampled as a set of lines joining boundary points, and then the volume was calculated from these points by forming tetrahedra with a common central point on each plane. The surface was formed by triangulating each boundary point in turn between the contours. This would only be accurate for fairly similar contours; the contours are not allowed to intersect each other.
Hodges et al. [28] used a CAD package to triangulate between cross sections of saphenous vein phantoms. The cross sections were nearly parallel or nearly circular, and consequently the resulting surface was conical or cylindrical.
Liu et al. [29] proposed a method to reconstruct non-parallel contours. It was performed directly in the triangle-mesh domain and required dense contours for input. It resulted in disconnected geometry when the projections of the curves were not overlapping between planes; thus, it is incapable of reconstructing sparse data in our case.
Most of the above surface reconstruction methods could not address arbitrarily oriented contours. The orientation of each contour was typically restricted so that the contours were nearly parallel or did not intersect mutually. In fact, methods that can handle mutually intersected contours are uncommon. Although the method by Liu et al. [29] could handle non-parallel contours, it could not tackle sparse data.
After the conversion of contours to a 3D point cloud, the orientation of the contours becomes irrelevant and we can disregard the non-parallel contours. Currently, there are many surface reconstruction methods that can be used to reconstruct a surface from point clouds [30] [31] [32] [33] [34] [35] [36] . In this paper, we have chosen three well-known and widely accepted methods: the Ball Pivoting Algorithm [37] , Power Crust [38] , and Poisson reconstruction [39] . These are also representative of three types of point cloud reconstruction methods. The Ball-Pivoting Algorithm (BPA) directly forms a triangle mesh from a given point cloud. The Power Crust method uses the medial axis transform (MAT) of the object to be reconstructed and an inverse MAT to produce the surface of the object. Poisson reconstruction is an implicit-function-based method; it casts the surface reconstruction from oriented points as a spatial Poisson problem. After finding an implicit function by solving the spatial Poisson problem, the reconstructed surface is obtained by extracting an appropriate iso-surface from the implicit function.
Deng et al. [40] provided a surface reconstruction method for freehand 3D US, which is an implicit-function-based method similar to Poisson reconstruction. The surface reconstruction method was based on variational interpolation, which was used by Greg Turk for shape transformation [41] ; hence, it was named the variational surface reconstruction (VSR) method. The VSR method can effectively address both sparse and mutually intersected contours. Variational interpolation is commonly used in the surface reconstruction of dense point clouds from ranger scanners [42] [43] [44] [45] , and also in the segmentation of medical data [46] , but has not been used in the surface reconstruction of freehand 3D US. Although [46] was focused on the 3D segmentation of medical images, the variational interpolation technique used was the same as that in [40] . Because this paper was not dedicated to ultrasound imaging, the specific characteristics of surface reconstruction in freehand 3D US were not addressed.
However, there are three drawbacks to the previous VSR work [40] . First, the experiments were simplistic, as they only used the VSR method to reconstruct a seashell and a plastic apple. Second, the quality of the reconstructed surface was assessed by visual inspection and two simple metrics: area difference and volume difference between the reconstructed surface and the original surface. Third, the VSR method was not compared with other surface reconstruction methods. These three drawbacks make the conclusions regarding the prior VSR work [40] less convincing.
Contribution and Structure of this Paper
The three drawbacks to the work by Deng et al. [40] are ameliorated in this paper. More experiments are conducted, quantitative metrics are introduced to assess the quality of surface reconstruction, and the surface reconstruction quality of the VSR method is compared with three other methods. The major contribution of this paper is that it provides many quantitative metrics, such as the Hausdorff distance, to evaluate the quality of surface reconstruction using four methods, especially in cases where the input data are extremely sparse point clouds from freehand 3D ultrasound.
The rest of the paper is organized as follows: Section 2 describes the framework of the surface reconstruction for freehand 3D US using the VSR method. Section 3 describes the VSR method and three other methods. Section 4 introduces the quantitative metrics used to assess the quality of surface reconstruction. Section 5 describes the four experiments conducted. Finally, Section 6 summarizes the conclusions of the paper.
Framework of Surface Reconstruction for Freehand 3D US Using VSR
The framework of surface reconstruction for freehand 3D ultrasound using the VSR method [40] is shown in Figure 2 .
First, we perform a spatial transformation to convert the 2D pre-segmented ultrasound contours into a 3D point cloud. Thus the orientation of the contours will become irrelevant and the non-parallel contours can be disregarded.
Second, we define constraint conditions for the surface reconstruction. All the boundary points of the contours are defined as on-surface constraints. Moreover, additional off-surface constraints are defined to indicate which points should be located inside the surface.
Third, the variational interpolation is invoked to find a function that has the minimum bending energy and satisfies the defined constraints. The solution to the variational interpolation is a single 3D implicit function and is at least C 1 -continuous, i.e., smooth.
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Third, the variational interpolation is invoked to find a function that has the minimum bending energy and satisfies the defined constraints. The solution to the variational interpolation is a single 3D implicit function and is at least C 1 -continuous, i.e., smooth. Finally, we perform an iso-surface extraction step using the Marching Cubes algorithm proposed by Lorensen et al. [19] . The implicit function of VSR is then evaluated to extract the zero-valued surface as the reconstruction result.
To assess the quality of the reconstructed surface, an extra assessment step is performed. Quantitative metrics [47] , e.g., the Hausdorff distance, are calculated to compare the quality of reconstructed surface by four point-based surface reconstruction methods: Ball Pivoting, Power Crust, Poisson, and VSR.
Four Methods of Surface Reconstruction from Point Clouds

VSR
In the framework described in Section 2, the VSR method consisted of two steps: constraint definition and variational interpolation. Finally, we perform an iso-surface extraction step using the Marching Cubes algorithm proposed by Lorensen et al. [19] . The implicit function of VSR is then evaluated to extract the zero-valued surface as the reconstruction result.
Four Methods of Surface Reconstruction from Point Clouds
VSR
In the framework described in Section 2, the VSR method consisted of two steps: constraint definition and variational interpolation. The mathematics about the VSR method was previously explained by [40] . Here, only the step-by-step process of constraint definition and variational interpolation without explanation are described.
Constraint Definition
Step 1: Begin with the first contour. Mark it as the current contour.
Step 2: For each point c i of the current contour, assign a scalar value 0 to c i . After the assignment, c i becomes an on-surface constraint c i on .
Step 3: For each point c i of the current contour, calculate its corresponding off-surface constraint c i off according to Equations (1) and (2).
(1)
Step 4: When all the points of the current contour are finished, go to the next contour. Mark it as the current contour.
Step 5: Loop from step 2 to step 4 until all contours are finished.
Variational Interpolation
Step 1: For any pair of constraints c i and c j , calculate φpc i´cj q " c i´cj 3 .
Step 2: After all pairs of c i and c j pi " 1 . . . n, j " 1 . . . nq are calculated, form the coefficient matrix A in Equation (3): 
Step 3: Calculate vector B using Equation (4) . Each h i denotes the corresponding value assigned to the constraint point c i .
B "
Step 4: Solve Equation (5). The solution vector v contains the weights d j of f pxq and the coefficients of Ppxq. Av " B
v "
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Ball Pivoting
The Ball-Pivoting Algorithm (BPA) [37] directly forms a triangle mesh from a given point cloud. Its principle is very simple: starting with a seed triangle, a ball of a user-specified radius pivots around an edge of the seed triangle until it reaches another point. The edge and the new point form another triangle to start with. The process continues until all reachable edges have been finished, and then starts from another seed triangle, until all points have been considered.
BPA is intuitive, flexible, efficient, and robust. If given sufficiently dense input data, it is capable of reconstructing a surface homeomorphic to and within a bounded distance from the original manifold.
However, BPA cannot necessarily reconstruct a closed surface from a sparse point cloud.
Power Crust
The Power Crust method [38] is divided into two stages: First, the medial axis transform (MAT) of the object to be reconstructed is approximated from the point cloud. Then, an inverse transform is invoked to produce the surface from the MAT.
The Power Crust method does not depend on the quality of the input point sample. It can produce watertight surfaces when the input sample is sufficiently dense. When the sample is not sufficiently dense, the Power Crust method may not produce a perfect manifold surface but its output is watertight.
However, the Power Crust method may fail if the noise of the input data is above a certain threshold.
Poisson Reconstruction
Poisson reconstruction [39] casts the surface reconstruction from oriented points as a spatial Poisson problem: The computed Laplace operator of the scalar function χ is equal to the divergence of a vector field Ñ V, as follows:
where the vector field Ñ V is defined by the oriented points and χ is a 3D indicator function. After finding χ by solving Equation (9) , the reconstructed surface is obtained by extracting an appropriate iso-surface from χ.
The time and space complexities of Poisson reconstruction are proportional to the size of the reconstructed model, and it is highly resilient to data noise.
One drawback of Poisson reconstruction is that it requires oriented normal vectors at the input points to define the vector field Ñ V.
Quantitative Metrics for Assessment of Surface Reconstruction
In most papers about 3D surface reconstruction, the quality of the reconstructed surface is assessed by visual inspection, rather than quantitative assessment, for two reasons. First, the original 3D surface model of VOI is unavailable before the reconstruction. Second, there is a lack of proper quantitative metrics for assessing surface reconstruction.
In this paper, we prepare two types of original surface models to assess the quality of surface reconstruction. The first type is synthetic data (such as an acorn model). The second type is original surface models gained by other image modalities of the same VOI, e.g., we prepare a kidney surface model from dense and parallel contours of CT imaging, and then compare it with its reconstructed ultrasound surface model.
For the quantitative metrics, we compute several distances between the original surface and the reconstructed surface. For each vertex of a surface, we compute its distance to the closest point on another surface. From the histogram of these values the following metrics are computed:
These metrics measure the shape difference between two triangulated surfaces, and their meanings are self-explanatory and intuitive. For example, the Hausdorff distance measures the maximum difference between two triangulated surfaces, and std and rms detail statistical information about the difference between the two triangulated surfaces. Moreover, we also compute the area difference and volume difference between the original and the reconstructed surfaces. For these metrics, a greater value indicates a greater difference between the original and the reconstructed surface.
For a set P Ď R k and a point x P R k , let d px, Pq denote the Euclidean distance of x from P, i.e., dpx, Pq " inf
The Hausdorff distance [48] between two sets X, Y Ď R k is given by max # sup xPX dpx, Yq, sup yPY dpy, Xq
Experiments
Four experiments were conducted to evaluate the quality of surface reconstruction. The first experiment used the synthetic data as the original surface model. The second experiment used the CT data to extract the original surface model. The third experiment used the real ultrasound data of two liver tumors, without the original surface model of the tumors. The fourth experiment assessed the reproducibility of the VSR method and three other methods using the kidney data in Experiment 2 and the first liver tumor data in Experiment 2.
For ultrasound image acquisition, we used a ZK-3000 ultrasound machine with a 3.5 MHz conventional 2D ultrasound probe (Beijing Zhongke-Tianli Tech. Co., Ltd., Beijing, China). The electromagnetic tracking device was the AURORA from Northern Digital Inc. (Waterloo, ON, Canada). The digital ultrasound image was acquired through an image-grabbing card. As noted previously, the position and orientation of the ultrasound probe was also recorded simultaneously using the tracking device. The experiment system setup is shown in Figure 1 .
The 3D image reconstruction and visualization were performed using a personal computer with a 2.66 GHz Intel Core2™ quad CPU (Lenovo, Beijing, China). We developed an IGS (image-guided surgery) software for microwave and radio-frequency ablation of hepatic tumors [2, 3] (Figure 3 ), which was used as the surface reconstruction and visualization program.
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For a set
The Hausdorff distance [48] between two sets
The 3D image reconstruction and visualization were performed using a personal computer with a 2.66 GHz Intel Core2™ quad CPU (Lenovo, Beijing, China). We developed an IGS (image-guided surgery) software for microwave and radio-frequency ablation of hepatic tumors [2, 3] (Figure 3) , which was used as the surface reconstruction and visualization program. 
Experiment 1-Reconstruction of Acorn
In Experiment 1, we reconstructed an acorn from several non-parallel contours. The original 3D surface model was from the Amira Demos 3.1 CD (version 3.1, FEI Corporate, Hillsboro, OR, USA, 2005). Between two and seven mutually intersected contours were re-sampled from the original surface model and were used to reconstruct the acorn surface. The experiment results are shown in Figures 4 and 5 and Table 1 .
In Figure 4 , each row shows the results of surface reconstruction by four methods: BPA, Power Crust, Poisson, and VSR, respectively. From left to right, each row shows the contours used, the original surface, the surface reconstructed by BPA, the surface reconstructed by Power Crust, the surface reconstructed by Poisson, and the surface reconstructed by VSR. Table 1 shows the quantitative differences between the original surface and the reconstructed surface using the metrics we described in Section 4. Figure 5 is the same Hausdorff distance shown in Table 1 
In Figure 4 , each row shows the results of surface reconstruction by four methods: BPA, Power Crust, Poisson, and VSR, respectively. From left to right, each row shows the contours used, the original surface, the surface reconstructed by BPA, the surface reconstructed by Power Crust, the surface reconstructed by Poisson, and the surface reconstructed by VSR. Table 1 shows the quantitative differences between the original surface and the reconstructed surface using the metrics we described in Section 4. Figure 5 is the same Hausdorff distance shown in Table 1 but expressed graphically. 4 . Surface reconstruction of an acorn by four methods. For each row, from left to right: the contours used, the original surface, the surface reconstructed by BPA, the surface reconstructed by Power Crust, the surface reconstructed by Poisson, and the surface reconstructed by VSR. All the contours used in this experiment are non-parallel to each other and intersected mutually. VSR's performance is excellent when the input data are sparse, such that two contours can lead to a close approximation to the original surface. This indicates that the VSR method can process both arbitrarily oriented and sparse contours.
We can conclude that:
 In all cases, the surface reconstructed by the VSR method best visually resembles the original surface compared with the other methods. Most metrics show that the VSR-reconstructed surface shows fewer differences from the original surface compared with the other methods. The only exception is observed in volume difference for four contours, where the Poisson method produces a volume that is more similar to the original surface than that of the VSR method. All the contours used in this experiment are non-parallel to each other and intersected mutually. VSR's performance is excellent when the input data are sparse, such that two contours can lead to a close approximation to the original surface. This indicates that the VSR method can process both arbitrarily oriented and sparse contours.
‚ In all cases, the surface reconstructed by the VSR method best visually resembles the original surface compared with the other methods. Most metrics show that the VSR-reconstructed surface shows fewer differences from the original surface compared with the other methods. The only exception is observed in volume difference for four contours, where the Poisson method produces a volume that is more similar to the original surface than that of the VSR method.
‚
For the other three methods, the quality of the reconstructed surfaces drops dramatically as the number of contours decreases (as seen for two or three contours in Figures 4 and 5) . However, as the number of contours decreases, both the quality and the Hausdorff distance for the VSR method show little variation. Even with only two contours, the VSR surface reconstruction closely approximates the original surface.
‚ Visually and quantitatively, the Poisson method performs the worst, except when reconstructed with two contours. Although Poisson and VSR are implicit-function-based methods, the Poisson method fails to reconstruct a satisfactory surface in all cases.
‚ Although the Power Crust method claims to be capable of producing watertight surfaces, it fails to do so when it is performed on two contours. This makes it the worst method for surface reconstruction with only two contours.
As an intuitive and efficient method, BPA succeeds in constructing a triangle mesh for all cases. When the input data are dense (i.e., seven contours), it can produce a satisfactory surface of the acorn. However, its performance decreases dramatically as the number of contours decreases.
Experiment 2-Reconstruction of Human Kidney
In Experiment 2, we reconstructed a human kidney from non-parallel contours re-sampled from an original surface model of the kidney. The original surface model of the kidney was created from its CT counterpart as follows: First, CT images of a volunteer were acquired in our cooperative hospital. Second, the kidney was segmented slice by slice from the CT image data, using the semi-automatic segmentation function in Amira software (version 3.1, FEI Corporate, Hillsboro, OR, USA, 2005) [49] , which was based on Active Contour Model. Third, the Amira software was used to reconstruct the surface of the segmented kidney to produce the original surface model of this experiment.
The differences between the four reconstructed surfaces and the original surface are illustrated in Figures 6 and 7 and Table 2 .
The results of this experiment conformed to those of Experiment 1. When the input data were dense enough (i.e., 14 or 12 contours), all four methods obtained satisfactory surfaces. All the quantitative differences between the reconstructed surfaces and original surface were small for all four methods. However, even with a dense point cloud, the VSR method still remained the best whether evaluated visually or quantitatively. Although the Hausdorff distance of the Power Crust method was slightly less than that of the VSR method when the number of used contours was greater than 10, it behaved poorly when the number of contours used decreased.
For the BPA, Power Crust, and Poisson methods, the quality of the reconstructed surface dropped dramatically when the number of contours used decreased. However, the performance of the VSR method was still excellent, both visually and quantitatively. Even when six, four, and three contours were used, the VSR reconstruction was a close approximation to the original surface, while the other three methods failed to create complete or closed surfaces.
The BPA method was the worst when reconstructions were produced with more than six contours, as seen in Table 2 . When the input data were extremely sparse (i.e., six, four, and three contours), the Poisson method performed worst.

For the other three methods, the quality of the reconstructed surfaces drops dramatically as the number of contours decreases (as seen for two or three contours in Figures 4 and 5) . However, as the number of contours decreases, both the quality and the Hausdorff distance for the VSR method show little variation. Even with only two contours, the VSR surface reconstruction closely approximates the original surface.  Visually and quantitatively, the Poisson method performs the worst, except when reconstructed with two contours. Although Poisson and VSR are implicit-function-based methods, the Poisson method fails to reconstruct a satisfactory surface in all cases.  Although the Power Crust method claims to be capable of producing watertight surfaces, it fails to do so when it is performed on two contours. This makes it the worst method for surface reconstruction with only two contours. 
Experiment 2-Reconstruction of Human Kidney
The BPA method was the worst when reconstructions were produced with more than six contours, as seen in Table 2 . When the input data were extremely sparse (i.e., six, four, and three contours), the Poisson method performed worst. 
Experiment 3-Reconstruction of Liver Tumor
In Experiment 3, we reconstructed two human liver tumors from real ultrasound data. In this case, we did not have the original surface model for comparison. We could not perform a quantitative assessment of the reconstructed surface, and thus we inspected the visual differences instead.
The visual differences between the reconstructed surfaces and the original surface are illustrated in Figures 8 and 9 . As we did not have the original surface, the reconstructions are as follows, from left to right: the contours used, the surface reconstructed by BPA, the surface Hausdorff distance between the reconstructed surface and the original surface (HUMAN KIDNEY). 
The visual differences between the reconstructed surfaces and the original surface are illustrated in Figures 8 and 9 . As we did not have the original surface, the reconstructions are as follows, from left to right: the contours used, the surface reconstructed by BPA, the surface reconstructed by Power Crust, the surface reconstructed by Poisson, and the surface reconstructed by VSR. Figure 8 also indicated that VSR was the best compared to three other methods, similar to the results of Experiment 1 and Experiment 2. When two contours were used, the VSR method still reconstructed a satisfactory surface while the other three methods failed to create closed surfaces.
In Figure 9 , only two contours were used to reconstruct the surface of another hepatic tumor. Visually, this figure also indicated that VSR was the best method compared with the other methods, consistent with the results of the previous experiments. Figure 8 also indicated that VSR was the best compared to three other methods, similar to the results of Experiment 1 and Experiment 2. When two contours were used, the VSR method still reconstructed a satisfactory surface while the other three methods failed to create closed surfaces.
Experiment 4-Assessing the Reproducibility of Four Methods
In Figure 9 , only two contours were used to reconstruct the surface of another hepatic tumor. Visually, this figure also indicated that VSR was the best method compared with the other methods, consistent with the results of the previous experiments. Figure 9 . Surface reconstruction of another human liver tumor by four methods. For each row, from left to right: the contours used, the surface reconstructed by BPA, the surface reconstructed by Power Crust, the surface reconstructed by Poisson, and the surface reconstructed by VSR. Figure 8 also indicated that VSR was the best compared to three other methods, similar to the results of Experiment 1 and Experiment 2. When two contours were used, the VSR method still reconstructed a satisfactory surface while the other three methods failed to create closed surfaces.
In Figure 9 , only two contours were used to reconstruct the surface of another hepatic tumor. Visually, this figure also indicated that VSR was the best method compared with the other methods, consistent with the results of the previous experiments.
Finally, we investigated the reproducibility of the four methods. Four different users drew the same number but different contours from the kidney in Experiment 2 and the first hepatic tumor in Experiment 3, and surfaces were reconstructed from these contours and the quality of the reconstructed surfaces were evaluated.
In the case of the kidney in Experiment 2, each user drew four different contours from the original surface model of the kidney. The differences between the four reconstructed surfaces and the original surface are illustrated in Figures 10 and 11 Finally, we investigated the reproducibility of the four methods. Four different users drew the same number but different contours from the kidney in Experiment 2 and the first hepatic tumor in Experiment 3, and surfaces were reconstructed from these contours and the quality of the reconstructed surfaces were evaluated.
In the case of the kidney in Experiment 2, each user drew four different contours from the original surface model of the kidney. The differences between the four reconstructed surfaces and the original surface are illustrated in Figures 10 and 11 and Table 3 . Finally, we investigated the reproducibility of the four methods. Four different users drew the same number but different contours from the kidney in Experiment 2 and the first hepatic tumor in Experiment 3, and surfaces were reconstructed from these contours and the quality of the reconstructed surfaces were evaluated.
In the case of the kidney in Experiment 2, each user drew four different contours from the original surface model of the kidney. The differences between the four reconstructed surfaces and the original surface are illustrated in Figures 10 and 11 and Table 3 . Table 3 . Difference between the reconstructed surface and the original surface (HUMAN KIDNEY; the contours were drawn by different users). We can conclude that:
‚ The contours used greatly affect the quality of the reconstructed surfaces by all four methods. Visually, the contours drawn by User 3 produce the best approximation to the original surface, and the contours drawn by User 4 produce the poorest. Figure 11 confirms this conclusion graphically. This result indicates that the sparse input contours should cover the key contours of the original surface to produce a close approximation to it.
‚
In all cases, the surface reconstructed by the VSR method best visually resembles the original surface compared with the other methods. All metrics show that the VSR-reconstructed surface shows fewer differences from the original surface compared with the other methods, which indicates that the reproducibility of the VSR method is the best of the four methods.
In the case of the first hepatic tumor in Experiment 3, each user manually segmented four different contours from the freehand ultrasound data of the tumor. The reconstructed surfaces are illustrated in Figure 12 . As we did not have the original surface of the hepatic tumor, in order to evaluate the reproducibility of each method, the reconstructed surface from the contours drawn by user 1 using that method was temporarily taken as the original surface to evaluate the quality of surface reconstruction from the contours drawn by Users 2, 3, and 4, e.g., the quantitative assessment of the quality of the reconstructed surfaces from the contours drawn by Users 2, 3, and 4 using the VSR method were performed based on the reconstruction from the contours drawn by User 1 using the VSR method. The quantitative differences are shown in Figure 13 and We can conclude that:
 The contours used greatly affect the quality of the reconstructed surfaces by all four methods. Visually, the contours drawn by User 3 produce the best approximation to the original surface, and the contours drawn by User 4 produce the poorest. Figure 11 confirms this conclusion graphically. This result indicates that the sparse input contours should cover the key contours of the original surface to produce a close approximation to it.  In all cases, the surface reconstructed by the VSR method best visually resembles the original surface compared with the other methods. All metrics show that the VSR-reconstructed surface shows fewer differences from the original surface compared with the other methods, which indicates that the reproducibility of the VSR method is the best of the four methods.
In the case of the first hepatic tumor in Experiment 3, each user manually segmented four different contours from the freehand ultrasound data of the tumor. The reconstructed surfaces are illustrated in Figure 12 . As we did not have the original surface of the hepatic tumor, in order to evaluate the reproducibility of each method, the reconstructed surface from the contours drawn by user 1 using that method was temporarily taken as the original surface to evaluate the quality of surface reconstruction from the contours drawn by Users 2, 3, and 4, e.g., the quantitative assessment of the quality of the reconstructed surfaces from the contours drawn by Users 2, 3, and 4 using the VSR method were performed based on the reconstruction from the contours drawn by User 1 using the VSR method. The quantitative differences are shown in Figure 13 and Table 4 . The results of this experiment conform to those of the previous reproducibility experiment, so we can conclude that:

The contours used greatly affect the quality of the reconstructed surfaces by all four methods. Visually, the contours drawn by User 3 produce the best approximation to the reconstructed surface from the contours drawn by User 1 using the BPA, Power Crust, and VSR methods. The contours drawn by User 4 produce the poorest approximation, especially when the Power Crust method is used; it fails to produce a surface. Figure 13 confirms this conclusion graphically. It should be noted that the Hausdorff distance of the Power Crust method is missing in Figure 13 since its value is much greater than that of the other methods. The results of this experiment conform to those of the previous reproducibility experiment, so we can conclude that:
‚
The contours used greatly affect the quality of the reconstructed surfaces by all four methods. Visually, the contours drawn by User 3 produce the best approximation to the reconstructed surface from the contours drawn by User 1 using the BPA, Power Crust, and VSR methods. The contours drawn by User 4 produce the poorest approximation, especially when the Power Crust method is used; it fails to produce a surface. Figure 13 confirms this conclusion graphically.
It should be noted that the Hausdorff distance of the Power Crust method is missing in Figure 13 since its value is much greater than that of the other methods.
In all cases, the surface reconstructed by the VSR method best visually resembles the original surface compared with the other methods. All metrics show that the VSR-reconstructed surfaces show fewer differences from the surface reconstructed from the contours drawn by User 1 compared with the other methods, which indicates that the reproducibility of the VSR method is the best of four methods.
Discussion
The main goal of this paper is to evaluate the quality of surface reconstruction from point clouds using four point-based methods, especially when the inputs are extremely sparse point clouds from freehand 3D ultrasound.
The BPA method is intuitive and robust. If given sufficiently dense input data, it is capable of reconstructing a satisfactory surface from the original manifold. However, the BPA method failed to produce a closed surface from sparse point clouds, as observed in Experiment 2 and Experiment 3. In Experiment 2, the BPA method was the worst method when more than six contours were used.
The Power Crust method produced watertight surfaces when the input sample was sufficiently dense. However, when the input data were extremely sparse, as in Experiment 2 and Experiment 3 (i.e. two contours), it failed completely.
The Poisson method also created satisfactory surfaces when given sufficiently dense input data. However, the Poisson method required oriented normal vectors at the input points to define the vector field. When the input data were extremely sparse, the vector field could not be correctly defined, and the Poisson method failed to reconstruct the correct surfaces. Hence, the Poisson method was the worst of the four methods in all experiments when reconstructed from extremely sparse contours.
In all cases, the surface reconstructed by the VSR method showed the greatest visual resemblance to the original surface, compared with the other three methods. In most cases, the metrics also indicated that the quantitative differences between the VSR reconstructed surface and the original surface were the smallest. Even given extremely sparse input data, the VSR method could reconstruct a close approximation to the original surface.
Therefore, the strengths of the VSR method were as follows: (1) the VSR method could reconstruct satisfactory surfaces from sparse data; (2) the surfaces reconstructed by the VSR method were smooth; (3) although the VSR and Poisson methods were both implicit-function-based methods, the VSR method did not need to compute the oriented normal vectors at the input point clouds to define a vector field.
However, the second strength of VSR was also a weakness. Because the reconstructed surfaces by VSR method were smooth, the reconstruction of objects with high curvature might fail if the surface was sampled too sparsely, i.e., with not enough contours.
The VSR method has another limitation concerning contradictory inputs as shown by Heckel et al. [46] , i.e., contours that define different surfaces, although they should be located on the same surface. This issue was demonstrated in Figure 14 . In Figure 14 , we used three same contours of the kidney as in the first row of Figure 6 , except that the horizontal contour was edited manually to form contradictory contours. In row (a) of Figure 14 , we could see that the original horizontal contour (yellow) should intersect with the vertical contour (blue), but the edited version of the horizontal contour (red) did not intersect with the vertical contour (blue). The quantitative assessments of the quality of surface reconstruction from the contradictory contours are shown in Table 5 . As seen in row (d) of Figure 14 , most methods had some problems dealing with the contradictory contours. The surface reconstructed by the BPA method lay on the outer red contour, which led to a bump on the reconstructed surface, while the original surface of the kidney should lie on the inner blue contour. There was a concave near the contradictory contours on the surface reconstructed by the Power Crust method, which indicated that it could not produce a correct surface from contradictory contours. The surface reconstructed by the VSR method lay between the outer read contour and the inner blue contour, which was a better result than the BPA and Power Crust methods. The surface reconstructed by the Poisson method lay on the inner blue contour correctly, indicating that it was the best method for dealing with contradictory contours.
Because contradictory contours usually come from inconsistencies in the input data, they can be compensated for by an additional preprocessing step that solves such inconsistencies before the surface reconstruction. They can also be slightly compensated for when using approximation instead of interpolation. The results of Figure 14 may suggest a new way of combining the VSR and Poisson methods to solve the problem. We will investigate this in future work.
Moreover, the VSR method was computationally expensive and needed considerable memory. Computation times were slow for a large number of constraints. This problem could be solved by reducing the constraints, using GPU-based parallel computing strategies, and using a fast computing algorithm such as the fast multipole method, which was suggested by Carr et al. [50] .
Conclusions
Three experiments were conducted to compare the performance of the VSR method with three other methods, i.e., BPA, Power Crust, and Poisson, when reconstructing a surface from sparse freehand 3D ultrasound contours. The research results show that VSR performed the best of the tested methods. Compared with the three other methods, the VSR method showed the best visual resemblance and the least quantitative differences to the original surface, especially when the data were very sparse. The VSR method closely approximated the original surface even with two contours, whereas the other algorithms failed to do so. The reconstructed surface produced by VSR appeared smooth and natural.
The experiments' results show that the reproducibility of the VSR method is also the best of the tested methods.
